A general CFT model for antiferromagnetic spin- 1/2 ladders with 

Mobius boundary conditions 

Gerardo Cristofanc0, Vincenzo MarottaEI, Adele NaddedEI, Giuliano Niccoli 



Abstract 

We show how the low-energy properties of the 2-leg XX Z spin-1/2 ladders with general 
anisotropy parameter A on closed geometries can be accounted for in the framework of the 
m-reduction procedure developed in [T]. In the limit of quasi-decoupled chains, a conformal 
field theory (CFT) with central charge c = 2 is derived and its ability to describe the model 
with different boundary conditions is shown. Special emphasis is given to the Mobius bound- 
ary conditions which generate a topological defect corresponding to non trivial single-spinon 
excitations. Then, in the case of the 2-leg XXX ladders we discuss in detail the role of vari- 
ous perturbations in determining the renormalization group flow starting from the ultraviolet 
(UV) critical point with c — 2. 
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1 Introduction 



Since two decades one-dimensional and quasi one-dimensional quantum spin systems have been the sub- 
ject of an extensive study. Such systems appear to be particularly interesting because of two main features: 
Haldane's conjecture for one-dimensional antiferromagnetic (AF) spin systems ^ and the discovery of 
ladder materials [3j. In spin ladders two or more spin chains interact with each other. The magnetic 
phases of ladder systems are rich and strongly dependent on their geometry, in particular several disor- 
dered "quantum spin liquid" phases are known [4]. Due to the low dimensionality quantum fluctuations 
are crucial and, because of that, such systems exhibit a variety of interesting phenomena such as the 
appearance of plateaux in magnetization curves [5] and chiral spin liquid (CSL) phases corresponding to 
a new class of non- Fermi-liquid fixed points [6] . 

The study of spin ladders with different topologies of couplings has been motivated both from the 
experimental and the theoretical side. In general, ladders with even number of legs are disordered spin 
liquids with a finite gap in the excitation spectrum, while in odd-legged ladders there exists a gapless 
branch in the spectrum implying that the spin correlations decay algebraically. The 3-leg frustrated 
ladder is the simplest model displaying a non trivial CSL physics at the Toulouse point [6]. Relevant 
examples of two-leg ladders are the railroad ladder and the zigzag ladder. 

The railroad ladder [7] has received a lot of attention in the last years in relation to the physics of high 
Tc cuprate superconductors [Sj; it can be thought of as a strip of a two-dimensional square lattice. Within 
such a system it is possible to observe how spin-1/2 excitations (spinous) are confined into magnons by 
measuring the dynamical susceptibility x the interchain exchange Jj^ acts as a control parameter 

and at \ J±_ \ <^ J\\, where J|| is the intrachain coupling, there is a wide energy range where x is dominated 
by incoherent multiparticle processes and a narrow region at low energies where x exhibits a single- 
magnon peak around q = n. So, a weakly coupled railroad ladder gives the interesting opportunity to 
study the formation of massive spin S = 1 (triplet) and S — (singlet) particles, with gaps mt and TOs 
{mt,ms ~ ^_l), which appear as bound states of the spin-1/2 spinous of individual Heisenberg chains 
[9]. In this context it has been shown that a quite strong four-spin interaction can induce dimerization 
[To] . The dimerized phases are thermodynamically indistinguishable from the Haldane phase but the 
correlation functions show a different behavior: the novel feature in the dynamical susceptibility is the 
absence of a sharp single magnon peak near q = tt, replaced by a two-particle threshold separated from 
the ground state by a gap. 

Much more interesting are the zigzag ladders which can be viewed as one-dimensional strips of the 
triangular lattice and, then, could be used as a toy model for understanding spin systems on such a 
lattice. Such ladders, according to the value of the ratio between the leg and the rung exchange couplings, 
may develop gapless ground states with algebraically decaying spin correlations or spontaneously broken 
dimerized ground states [11]. The gapped dimer ground state is degenerate with pairs of spinous as 
elementary excitations |12| . In the case of antiferromagnetic (AF) couplings, the zigzag ladder introduces 
frustration, which is a crucial and interesting feature, as shown in the following. Spin ladders have been 
experimentally found in a number of quasi-one dimensional compounds such as SrCu20^ and CuGeOs 
[l3] . KCuCls and TlCuCls [IH [15]. Zigzag couphng is also interesting because, as shown later, it 
cancels the most relevant coupling term for the usual ladders and the net result is a chirally asymmetric 
perturbation [TB]. The study of such systems is relevant also in other contexts, such as gated Josephson 
junction arrays [T7|. Furthermore, there should be pointed out the close analogy [TB] between the 2-leg 
zigzag ladder and the doped Kondo lattice model, which is believed to be relevant to the phenomenon of 
colossal magnetoresistance jlQ^ in metallic oxides. 

The 2-leg spin-1/2 zigzag ladder is the simplest example of frustrated spin systems and may help to 
elucidate the role of frustration and its interplay with quantum fluctuations, in particular how it affects 
the spectrum of the low energy excitations [12j . Frustration is expected to lead to new exotic phases 
as well as to unconventional spin excitations. Indeed such a system can be reinterpreted as a XXX 
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Heisenberg chain with next-to-nearest neighbor interaction, so the simplest Hamiltonian which describes 
it is the isotropic one [TTj : 

^ = E [J^^^ ■ ^^ + 1 + '^2^^- • ^.+2] , (1) 

j 

where Sj = {Sf ^S^±iS],S^) is the spin operator at site j and the nearest and next-to-nearest 
neighbor exchanges Ji, J2 > are competing antiferromagnetic interactions; in particular J2 introduces 
frustration in the model. Small values of J2 give rise to a spin-fluid phase whose effective theory is that 
of a massless free boson; it displays quasi-long range spin order with algebraic decay of spin correlations. 
Larger values of J2 give rise to a quantum phase transition of Kosterlitz-Thouless (KT) type characterized 
by a spontaneously dimerized ground state. 

Many differences arise in the strongly anisotropic XX ladder case described in terms of the Hamilto- 
nian: 

Hxx ^ E (^^^;Vi + ^J^jVi) + ^2 {sjsj^, + sysy^,)] . (2) 

In such a case, in addition to the two previous phases, a new phase with unconventional characteristics 
has been predicted in the large J2 limit [Hj, in particular a long-range chiral order 



Sn/\ Sn+l) ) ^0 (3) 



arises with local spin currents polarized along the anisotropy z axis. Such a phase with unbroken time 
reversal symmetry, termed spin nematic, is gapless and displays incommensurate spin correlations which 
decay algebraically with exponent j . In the ground state the longitudinal and transverse spin currents are 
equal in magnitude but propagate in opposite direction; that produces local currents circulating around 
the triangular plaquettes of the ladder in an alternating way, the total spin current of the system being 
zero. 

Furthermore, in analyzing the low energy excitations of the zigzag ladder, it is very interesting to 
investigate the nature of the single-spinon excitation which may appear in the presence of a "local 
topological defect" in the ground state. Such an issue can be accounted for by imposing Mobius boundary 
conditions (MBC) inside the closed ladder [20!; that creates a domain- wall type defect in the system 
without loosing translational invariance. The topological defect can move around in the system and 
gives rise to single-spinon excitations. That is, non trivial boundary conditions induce interesting new 
properties in the behavior of the ladder system modifying its excitation spectrum: different boundary 
conditions on the spin chains give rise to a different spectrum of excitations both within theoretical and 
numerical analysis [21j . The implications of closed geometries appear to be very exciting, also in view 
of the study of new kinds of topological order and fractionalized phases [52] [13] , not yet well explored in 
the existing literature. 

The aim of this paper is to analyze the ground states and the low-energy excitations of a class of 
antiferromagnetic 2-leg spin-1/2 XX Z Heisenberg ladders arranged in a closed geometry for a variety of 
boundary conditions, employing a twisted CFT approach, the twisted model (TM) [l]. Such an approach 
has been successfully applied to quantum Hall systems in the presence of impurities or defects [24 l [25l [26] . 
to Josephson junction ladders and arrays of non trivial geometry, in order to investigate the existence 
of topological order and magnetic flux fractionalization in view of the implementation of a possible solid 
state qubit protected from decoherence [571 UHl US] and, finally, to the study of the phase diagram of the 
fully frustrated XY model (FFXY) on a square lattice [301 . In this way we build up a complete CFT for 
the closed 2-leg XX Z spin-1/2 ladders with general anisotropy parameter A, which captures the universal 
features, reproduces the basic phenomenology and also embodies non trivial boundary conditions. In such 
a context we focus on the weak coupling limit between the two legs of the ladder, well described by a 
CFT with central charge c — 2. Then we restrict to the XXX case and analyze the role of various 
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perturbations in determining the renormalization group flow to several infrared (IR) fixed points in order 
to reproduce all the relevant phenomenology. 



The paper is organized as follows. In Section 2, we introduce the lattice models under study; we 
start with two non interacting XX Z spin-1/2 chains, characterized by a general value of the anisotropy 
parameter A and concentrate our attention on the topological conditions which arise from a closed 
geometry. We focus on two kinds of boundary conditions, that is periodic boundary conditions (PBC) 
and Mobius boundary conditions (MBC) and analyze its implications on the spectrum and the low 
energy excitations of the two chains system. Then we switch to the interacting system by turning on the 
ladder perturbations; we introduce four different perturbations, the railroad one, the zigzag, the 4-spin 
and, finally, the 4-dimer one and briefly recall all the relevant phenomenology with an emphasis on the 
two particular values of the anisotropy parameter A = 1 (i.e. the XXX ladder) and A = (i.e. the 
XX ladder) respectively. The implications of a non trivial geometry are also discussed in this weakly 
interacting case. In Section 3, we recall the continuum limit of the single antiferromagnetic XXZ spin- 
1/2 chain making use of an Abelian bosonization [3T] framework. We focus on the exact relation, given 
by Bethe Ansatz [32], between the compactification radius i?^ of the boson theory and the anisotropy 
parameter A of the chain which will be crucial in determining the symmetry properties of TM. In Section 
4, we recall some aspects of the m-reduction procedure [33], focusing in particular on the m — 2 case 
which is the one relevant for the 2-leg system. For the first time we explicitly develop such a procedure 
for the scalar case and evidence its peculiarities for a general compactification radius. In Section 5, 
we show how the TM, generated by to = 2-reduction, well describes in the continuum limit the 2-leg 
XXZ spin-1/2 ladder with general anisotropy parameter A arranged in a closed geometry for periodic 
(PBC) and Mobius boundary conditions (MBC). Then the symmetry properties of the TM are recalled 
for the particular value of the compactification radius corresponding to the XXX ladder. In Section 
6, we introduce the interacting system in the continuum by turning on four different perturbations, the 
railroad one, the zigzag, the 4-spin and the 4-dimer one. We restrict our analysis to the XXX ladder and 
study the different renormalization group (RG) trajectories obtained starting from the UV fixed point, 
described by a CFT with central charge c — 2. Depending on the perturbing term we obtain different 
infrared (IR) fixed points corresponding to different physical behaviors. In Section 7, some comments 
and outlooks are given. In Appendix A, the low energy excitations on the torus topology are explicitly 
given for the TM describing the XXX ladder. In Appendix B, we give a derivation of Eq. ((78|) quoted 
in Section 6 within a self-consistent mean field approximation. 



2 2-leg XXZ spin-1/2 ladders with Mobius boundary condi- 
tions: the lattice model 



In this Section we introduce in whole generality the system under study, that is two antiferromagnetic 
spin-1/2 XXZ chains arranged in a closed geometry, and discuss the different topological conditions 
which arise corresponding to different boundary conditions imposed at the ends of the two chains. Then 
we switch to the interacting case and describe the following perturbations: railroad, zigzag, 4-spin and 
4-dimer. We discuss in detail the two cases: XXX ladder and XX ladder. 

The starting point is a system of two non interacting spin-1/2 XXZ chains with Hamiltonian: 



where Jq > is the antiferromagnetic coupling, A is the anisotropy parameter, M is the total number 
of sites and we assume that the odd sites belong to the down leg while the even sites belong to the up 
leg, as sketched in Fig. 1. At this stage the two legs are not interacting. Let us now close the chains 
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Figure 1: The non interacting system 

imposing the following boundary conditions: 

M + 1 = 1 , M + 2 = 2. (5) 

Depending on M, we get two topologically inequivalent boundary conditions: 1) for M even, we get 
two independent XX Z spin-1/2 chains, each one closed by gluing opposite ends: periodic boundary 
conditions (PBC); 2) for M odd the two legs are not independent, indeed they appear to be connected 
at a point upon gluing the opposite ends and the system can be viewed as a single eight shaped chain. 
This local coupling is a source of local incommensuration, even in the absence of further interactions 
between up and down legs. Indeed, around the gluing point, an angle deviation is induced between the 
spins on the two chains from the decoupled value ^ = f That defines a characteristic wavelength 

which is expected to be proportional to a finite correlation length ^spiral , — ^ oc 1 /^spiral , so it could 
give rise locally to a finite range spiral order. That is, for M odd the system presents some kind of local 
topological defect in the gluing point, described by: 

Hq'^^ = Ho + Hmbc 

where the localized crossed interaction Hmbc around the gluing point is explicitly given by: 

Hmbc = Jo X! ^^i^Ui'^ ^i^^+i^ ^^i^Ui) -^^^^11^11+2 + ^m^m+2 + ^^li^^^^ (6) 

i=M,M+l 

This local deformation realizes the so called Mobius boundary conditions (MBC) in the system by phys- 
ically introducing a topological defect at the gluing point. The system now exactly coincides with two 
closed XX Z spin-1/2 chains, each one with {M -\- 1)/2 sites, which intersect each other in the topological 
defect at site M -t- 1 = 1. The existence of two topologically inequivalent configurations, which in the 
continuum are described by the two topological sectors, untwisted and twisted one, of our TM theory 
with central charge c = 2 (see Section 5), is crucial in order to recognize an underlying topological order 

m- 

Now we are ready to introduce interactions between the two spin-1/2 XX Z chains. Let us start from 
those which involve two spins, the railroad interaction: 

[(M+l)/2] 

J^Railroad = •/f' ^ ('S'fi- 1 '^'li + '^'li- 1 '^'li + ^"^21-1 'S'lJ : (''') 

i=l 

and the zigzag one: 

M 

^^zigZag = Jl'^iS^Sij^,^ + SfSf^-^ + ASf S'f_^i). (8) 

2=1 

In order to briefly recall the relevant phenomenology due to such interactions, let us start with Hq + 
^^Raiiroad H and discuss the isotropic A = 1 case (the system under study is depicted in Fig. 2). 

The weak coupling limit Jo ^ \J± \ interesting because it allows to study the crossover regime 
between the gapless spinon excitations on the two decoupled spin-1/2 chains and the strong coupling 
limit, which takes place when the energy scale is lowered [5]. The main universal features of the spectrum 
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Figure 2: The railroad ladder 

Figure 3: The zigzag ladder 

appear to be its symmetry and the persistence of a gap. Such a regime gives the opportunity to investigate 
the formation of massive spin S — 1 and 5 = particles, which appear as bound states of the spin-1/2 
excitations of the individual chains. Indeed, at small interchain coupling \ J^\ ^ Jo the masses of such 

particles are of the order of | jj* | , the S = 1 branch being always lower. In the limit ^ — > the singlet 
spectral gap results three times as large as the triplet one. Conversely, in the opposite limit ^ Jq the 
ground state is a product of rung singlets with a gap to the excited states which can be viewed as the 
energy needed in order to break a singlet bond. For ~ Jq the energy gap still exists and the ground 
state is described by a short range valence-bond state [HJISS]. In the strongly anisotropic case A = 0, 
for ^ Jo we get a rung singlet massive phase with a non degenerate ground state which is the direct 
product of singlets in the rung direction. Such a phase extends in the whole range of jj^, from very large 
values to very small ones, jj^ ~ [35] . 

The zigzag ladder with Hamiltonian Hq + iJzigZag [TB] [55] [TB] [SZ] (the system is shown in Fig. 3) 
is equivalent to the spin-1/2 frustrated Heiscnberg chain with nearest neighbor coupling J^ and next 
to nearest neighbor coupling Jq. In the isotropic case A = 1, such a model is shown to be critical for 
J^ > J^^ [Ja^c — Jo/0.241) [35, being in the same universality class as the antiferromagnetic spin-1/2 
Heisenberg chain. For jf^ < jf^^ the spinous acquire a gap but remain still deconfined and the ground 
state becomes doubly degenerate [TT]. Finally, at the Majumdar- Ghosh (MG) point [39 Jf = 2Jq, 
that is the exact dimerization point, the two degenerate ground states assume a simple form in the 
thermodynamic limit, being a collection of decoupled singlets as sketched in Fig. 4. 

Such ground states can be continuously related to the rung singlet and Haldane phases [40]. For 
weaker interchain couplings J^ < 2Jo incommensurate spiral correlations appear in the short range 
correlations [18] [41| . In the regime Jq ^ J^ we may view the system as two spin chains with a weak zigzag 
interchain coupling [18j [36] : an exponentially small gap develops and the weak interchain correlations 




Figure 4: The two degenerate ground states of the zigzag ladder at the MG point 



6 




Figure 5: The two degenerate ground states of the zigzag XX ladder in the spin nematic phase 

break translational symmetry. So this phase shows a spontaneous dimerization along with a finite range 
incommensurate magnetic order. Exact diagonalizations as well as density matrix renormalization group 
(DMRG) calculations [42, have evidenced the difference between a zigzag ladder with an even and an 
odd number M of sites respectively in the regime Jo ^ J±- In particular, for M odd the -S* = ^ ground 
state has a dispersion relation with a well defined single particle mode around k — ^: such a particle 
can be viewed as a soliton whose gap increases exponentially when Jq > 0.241. Furthermore no soliton- 
antisoliton bound states form in this model and solitons are repelled by non magnetic impurities, that 
is by the ends of the open chains. Conversely, for M even at the MG point there are exact singlet and 
triplet bound states in a small range of momenta close to q — ^, which are degenerate. 

In the strongly anisotropic case A = 0, two coupled XX chains [16 , the phase diagram is quite rich. 
Indeed for a small value of Jq a spin fluid phase develops, characterized by gapless excitations with central 

charge c = 1, while for ~ 0.32 a phase transition of Kosterlitz-Thouless (KT) kind takes place and 

•'± 

the system enters a massive dimerized phase with a twofold degenerate ground state. Conversely, in the 
large Jq limit a critical spin nematic phase with chiral long range order develops. Such a non trivial phase 
with unbroken time-reversal symmetry is characterized by nonzero local spin currents polarized along the 
anisotropy z axis. It preserves the spin U (1) symmetry but spontaneously breaks the Z2 symmetry. The 
transverse spin-spin correlation functions are incommensurate and fall off with the distance as a power 
law with exponent j. The ground state is characterized by longitudinal and transverse spin currents 
which are equal in magnitude but propagate in opposite directions. As a result local currents circulating 
around the triangular plaquettes of the ladder in an alternating way develop, the total spin current of the 
system being zero. That gives rise to two degenerate ground states characterized by an antiferromagnetic 
pattern of chiralities in adjacent plaquettes of the ladder, as shown in Fig. 5. 

Let us now introduce the closed geometry and point out the peculiarities which emerge in the inter- 
acting system for the two inequivalent configurations, M even and odd. For M even (PBC), the up and 
down legs of the ladder are still well distinguished even if coupled by the two interactions i?Raiiroad and 
-ffzigZag! in this way the ground state structure and the nature of the excitations is preserved. Conversely, 
very different and more interesting features take place for M odd (MBC). Indeed the zigzag interaction 
HzigZag couples the M site on the down leg with the A/ + 1 = 1 site which still belongs to the down leg. 

In the A = 1 case, that breaks the ground states structure and creates a domain-wall type defect 
in the system without loosing the translational invariance; such a topological defect can be viewed as a 
S = ^ particle which is able to move with finite momentum. It has been shown [ZD] by Lanczos and 
Householder diagonalization methods that the defect particle gives rise to a single-spinon excitation in 
the spectrum. The presence of an isolated soliton in odd-length frustrated chains with a 5*40* = \ ground 
state has been evidenced by DMRG methods as well [42 ; in such a case the soliton excitation behaves 
as a massive free particle which is repelled by the ends of the chain, so it appears much more similar to a 
massive particle in a box. In the A = case, we have that the alternating chiralities structure of the two 
ground states gets lost. Such a feature can be viewed as the localization of a topological defect which 
carries an elementary quantum of current, in full analogy with the half flux quantum associated with the 
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topological defect in the closed Josephson junction ladder with MBC investigated in Refs. [2Il [28l [29]: 
in this way the condition of zero total spin current in the ladder would be recovered. In presence of the 
railroad interaction we obtain more drastic effects, indeed the MBC turn locally on the M + 1 = 1 site 
the interaction into a zigzag one. More precisely, the 1 site interacts both with the M site and the 2 site 
and also with the M — 1 site and the 3 site via the Hamiltonian Hq. 

The two spin interactions just introduced, -ff Railroad and -ffzig-Zag, can be described by means of a 
suitable unbalance of the zigzag interaction term. That is interesting in the continuum limit, because 
it is always possible to put together i?Raiiroad and -ffzig-Zag in a way to drop the marginal term which 
appears in /JRaiiroad and obtain a pure relevant perturbation with conformal dimensions ^) [9]. 

Let us now introduce the 4-spin interaction [lOj : 

m+i)/2] 

i?4-Spi„ = J. E '^""'^'^ (9) 

i=l 

which represents an interchain coupling of the spin-dimerization fields defined on the two legs of the 
ladder by: 

^ — i^^)'i^2i-1^2i+l + ^2i-1^2i+l + ^^2i-1^2i+l) 
— \ -Lj l'-'2i'-'2i+2 "t" '-'2i'-'2i+2 ^'-'2i'-'2i+2 J 

That can be generated either by phonons or (in the doped state) by the conventional Coulomb repulsion 
between the holes. 

Finally, let us introduce the following 8-spin interaction, termed 4-dimer: 

m+i)/2] 

-H'4-Dimcr = J>< ^ whcrc: >{i = ef"ef^. (11) 

It plays a crucial role in the presence of the marginal interaction -ffzig-Zag only, in that it gives rise to 
the dynamical generation of the triplet or singlet mass respectively along two different RG flows, in full 
analogy with the previous case of the relevant perturbations -ff Railroad and ^^4-Spin- 

The continuum limit of all interaction terms just introduced together with the different RG flows 
which originate by perturbing the two chain Hamiltonian Hq (or H^^^'-') is discussed in detail in Section 
6, the continuum limit of (or Hq ^^'~^) being the subject of Section 5. 



3 The XXZ spin- 1/2 chain in the continuum Umit 

In this Section we briefly recall the Abelian bosonization technique for the description of the XXZ spin- 
1/2 chain in the continuum limit. This quantum field theory is the starting point {mother theory^ see next 
Section) in our TM description in the continuum of the 2-leg XXZ spin-1/2 ladders arranged in a closed 
geometry. Of particular interest for us is the exact relation |32| between the compactification radius R of 
the boson theory and the anisotropy parameter A of the chain; indeed the symmetry properties of TM 
crucially depend on this compactification radius. There is a wide literature on the subject of bosonization 
and on its applications, a review can be found in Ref. [31^; here, we summarize for clarity sake the main 
steps in the derivation PB]. 

Let us consider the single XXZ spin-1/2 chain without magnetic field: 

N 

Hxxz = + + ^^l^l+i)' (12) 
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where j is the site index, A'" is the number of sites, J > is the exchange couphng and A is the anisotropy 
parameter. We can convert the above Hamiltonian to one of spinless interacting fermions on a lattice 
via the Jordan- Wigner transformation. Then, we hnearize the energy spectrum around the Fermi surface 
and switch to the continuum limit by introducing right and left-moving bosons (/jr {x) and (jj^ (x) (where 
X = aj, for lattice spacing equal to a). In this way the continuum limit of the Hamiltonian (|12|1 reads: 



H 



LL 



^ fdx{{l + g) [{dM^ + idx4>Lf] ~ 'Igd^'pLdAR] , (13) 



where only the marginal operators have been kept (see Section 3 of Ref. [H] for more details) and 
g = (2JAsin^ kp) /ttvf, vf being the Fermi velocity. This is the exactly solvable Luttinger Hamiltonian: 



Hll = ^ I dx 
on 



id.jf + id^4>y , (14) 



having introduced the bosonic field (/) and its dual 9, defined as 



K 



= VK{q^L - 0fl,). (15) 



Here, the renormalized velocity v and the Luttinger parameter K are simply related to the parameters g 
and vp by: 

V = ^yrT2^, K = 1/^1 + 2^. (16) 

Moreover, they can be expressed in terms of the microscopic parameters J and A by comparison with 
exact Bethe Ansatz calculations 1321: 



/AN JtT Vl — A^ . . N TT 

v A) = —- -, K A) = — — . 17) 

2 arccos A ^ ' 2 (tt - arccos A) ^ ^ 

In the standard bosonization framework, the spin operators have the following bosonic counterpart: 



S] - y/Kd^4> + i-iy const x cos(\/X0), - e {-ly + cos(VX0) , (18) 

which, under the assumption of periodic boundary conditions, imply the compactification of the boson 
fields: 

(j>{x + L,t) — (/)(a;, t) -t- 27rm0i?0, for e Z and i?^ = I/a/K, (19) 

e{x + L,t) 0{x, t) + 2TrmgRg, for mg e Z and Rg = 2\/k. (20) 

The compactification radii are functions only of the anisotropy parameter A while the Luttinger velocity v 
(and analogously the lattice coupling J) enters as an overall factor in the spectrum. Such a consideration 
plays a crucial role in Section 5, in the construction of our TM and its relation with the XX Z 2-leg 
ladder system. It is worth pointing out that the sam^ compactification conditions can be derived on the 
basis of pure symmetry considerations |45| . 

Let us complete this Section by giving the mode expansion of the compactified boson fielc|3: 

0(z, z) — q — igq In z — igq inz + } z + > z (21) 



^The compactification radius in |45| coincides with our Rg, up to a factor \/2 due to the different normaUzation of the 
boson fields. 

^Within our normaUzation, the exponential field Va{z,z) =: e*"'^"(^'^) : has conformal dimensions (a^/2,o^/2). 
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in terms of the complex coordinates: 

where r = ivt (Euclidean space-time). Here, the zero modes are: 

ao = p + w and ao = p — w (23) 

where w is the winding operator with eigenvalues for e Z (m^ is the winding number), p is 

the conjugate momentum of g, = i, and the a-modes satisiy two independent Heisenberg algebras: 

[a„,a„/] = nSn^n', [an,a„'] = 0, [a„,a„/] = n^„,„'. (24) 

The compactification condition implies that the spectrum of the momentum p is no-longer continuous but 
discrete with eigenvalues nrf,/R^ for g Z. Finally, the Hamiltonian has the following mode expansion: 



^ 2t:v 1 1 , _ , \ - 

E = —j- < + ao) + a^nO-n 

I n>0 



^ a_„a„ ^ . (25) 

n>0 J 



4 m-reduction procedure on the plane 

The TO-reduction technique [33] is at the basis of the derivation of our Twisted Model (TM). Here, the 
main observation is that for any (mother) CFT, defined by a given chiral algebra, there exists a class 
of sub-theories [daughter theories) parameterized by an integer m with the same algebraic structure but 
different central charge Cm = tic. The general characteristics of the daughter theory is the presence of 
twisted boundary conditions (TBC) which are induced on the component fields and are the signature of 
an interaction with a localized topological defect. 

In this Section, contrary to our previous publications, we apply the m-reduction construction to scalar 
boson fields and not only to their chiral components. That is done in order to consider carefully the action 
of the m-reduction on the zero modes which, as shown in the following Section, will be crucial for the 
description of the antiferromagnetic 2-leg spin-1/2 XX Z ladder with Mobius boundary conditions. In 
particular, we explicitly describe the m-reduction only for the m = 2 case when the mother theory is 
the compactified boson theory (c = 1), describing a single XX Z spin-1/2 chain with general anisotropy 
parameter A. 

Let (/)(z, z) be the compactified boson field of the mother theory, we can define the following two scalar 
fields: 

~ _ (/)(w,w) (/)(e"w,e~*''w) ~ _ (f>{w,w) - (j){e"w,e-"w) 
X{w,w)^ , $(w,w) = — , (26) 

which are respectively symmetric and antisymmetric under the action of the generator g2'. (w,w) — > 
(e"^w, e~*'^w) of the discrete group Z2. The m = 2-reduction is implemented by the map z =w^ which 
leads to the definition of the following daughter scalar fields: 

X{z,z) ^ Xiz^/^,z^/'^) and $(z, z) = $(2^/^ z^/^). (27) 

The mode expansions of these last two fields are derived in terms of that of (j>, Eq. ipTjl . and read as: 

X(z,z) — qo — iaolnz — iaolnz + ^^2;^"+ ^^z~", (28) 

•^-^ n ^-^ n 

n6Z-{0} neZ-{0} 

$(z, z) = ~V27rw + y !^Jl±l/lz-in+i/2) + !^I^--(„+l/2) (29) 
^ ' ' + ^n + 1/2 ' ^ ' 
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where: 



V2{q + TTw), a„+(/2 = 



(^n+i/2 = — — With n £ N and < = 0, 1, 



(30) 



V2 ' ^"^'/^ ^/2 

and w is the winding operator. The commutation relations of the daughter modes {qo, {(Xn+1/2}, {ctn+1/2}} 
follow from those of the mother modes {q, {an}, {an}} and read as: 



[<^n+l/2,an'+l'/2] 



Sn,n'Sl,l', 



and 



+ l'/2 



0, [qo,an+i/2] = iSa^nSoj, 



(31) 



(32) 



Let us point out that the modes {an}n& and {oin}n^'L of the field X{z,z) define two independent 
standard Heisenberg algebras while those of the field ^{z, z) ({Q!n+i/2}nez and {ctn+\/2}ne'z) define two 
independent Z2-twisted Heisenberg algebras with half-integer indices. The zero mode analysis shows that 
the field X{z,z) is a compactificd boson with compactification radius Rx = R^j^pl. 

The description of the daughter theory proceeds now in a standard way. In particular, for both the 
Z2 untwisted X and twisted $ bosons we can define left and right chiral currents and components of the 
stress-energy tensor. Let us consider explicitly only the case of left chirality; the currents are: 



Jx{z) =id^X{z,z){ = ^anZ " , J<^{z) = id^^{z, z) ^ , 

\ neZ / y r6Z+l/2 / 

and the corresponding components of the stress-energy tensor are: 

Tx{z) = —-.{d^Xf: , T^{z) = -i:(9.$)^: + 



(33) 



(34) 



Notice that the second term in T^{z) indicates that the ^-sector is built on the twisted vacuum generated 
by the left chiral twist field a{z) with conformal dimension 1/16. That is also manifest in the mode 
expansion of the corresponding Virasoro generators: 



= X] ■an-rar: + ^ with n € Z. 



(35) 



rez+1/2 



Let us stress that {i*} and {L^} define two independent Virasoro algebras both with central charge 
c = 1. Thus the daughter theory has the left component of the stress-energy tensor equal to T{z) = 
Tx{z) + r<i,(z), which defines a Virasoro algebra with central charge c = 2 (m = 2-reduction) . 



5 2-leg XX Z spin-1/2 ladders with Mobius boundary condi- 
tions: the continuum limit 

In this Section we show how the TM, generated by m = 2-reduction, describes well the 2-leg XXZ 
spin-1/2 ladder with general anisotropy parameter A arranged in a closed geometry for PBC and MBC 
boundary conditions. The TM is characterized by two topological sectors, the untwisted and the twisted 
ones, which describe the continuum limit of the 2-leg XXZ spin-1/2 ladder with PBC and MBC respec- 
tively. In order to establish that it is enough to show that the spin-1/2 XXZ ladder with MBC in the 
continuum is naturally mapped in the twisted sector of our TM, i.e. the sector of TM generated by the 
m = 2-reduction. Indeed the untwisted sector of TM can be described in terms of two untwisted boson 
fields, with the appropriate compactification radius, which define the continuum limit of the 2-leg XXZ 
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spin- 1/2 ladder with PBC. Finally, the special value of the anisotropy parameter A = 1 is considered and 
the symmetry properties of the corresponding physical system briefly underlined. 

Let us recall that the 2-leg XXZ spin-1/2 ladder with M odd sites and MBC coincides with a system 
of two XXZ spin-1/2 chains, each one with (M -I- l)/2 sites, which are closed with periodicity condition 
in one gluing site which is common to the two chains. This induces a local deformation of the interaction 
which has a purely topological nature (topological defect) due to the fact that the gluing site has four 
nearest neighboring sites (two for each chain) with which it interacts. The presence of the topological 
defect implies that the ground state of the system in the thermodynamical limit is not in the sector 
^tot = 0- Indeed, while the full system has even size L2 ~ 2L {L — a{M + l)/2 being the size of the 
single chain and a the lattice spacing) the number of quantum sites is the odd integer M. We can perform 
now a bosonization analysis for each chain of the system, as shown in Section 3. In this way we obtain, 
for the up and down chain respectively, two boson fields (f>up and (f>Dw compactified on the two circles (up 
and down) of the same length L and with the same compactification radius i?^ = ■\/2 (tt — arccos A) /tt. 
Here, the presence of the topological defect implies the following boundary condition for the fields in the 
gluing point {xup = xdw = 0): 

</'c/p(0,i) = 0D»(O,t), (36) 
which in turn allows us to define the following folding field on the full system: 

i)Dw{x,t), for < a; < i, 
<f>{x,t)^{ (37) 
f>Up{x — L, t), for L < X < 2L. 

The non-trivial topology of the whole system is reflected into the fact that the points x = and x = L 
coincide; that is, the compactification space of the field is not a circle of length L2 but an eight of same 
length. It is now simple to show that on this eight-shaped space the field </> has compactification radius 
To this aim it is enough to observe that, on the up/down circle, starting from a given point xjjp/nw 
we come back to it under a shift of L while, on the eight, we need a shift of L2 = 2L, so that, it resulto 



(jj^x + 2L,t) 



'f'Dwix + L, t), for < X < L, 

(f)ijp(x,t), for L <x < 2L, 

4>Dw{x, t) + 2'Km^R^, for < a; < L, 

(f'Upix — L,t) + 27rTO^i?0, for L < x < 2L, 
that is: 

(t){x + 2L,t)^(t>{x,t) + 2TTm^R^. (38) 
Now we can introduce the complex coordinates: 

where r — ivt (Euclidean space-time) and define the fields X(w,w) and <l>(w,w) according to the formula 
P6|) . Let us observe that on the square covering plane: 

the coincidence of the points a; = and x = L, required by the eight shape of the space in the x- 
coordinate, now holds automatically. In fact, the space in the a;-coordinate is now a circle of length L. 



*Let us notice that the boundary condition II36I I naturally leads to assume that the fields 4)]j^ and ipUp taken in the 
same winding sector, that is w^^^^ = w^^^, so that: 
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The above covering is nothing else but the map defined in the previous Section, which implements the 
m = 2-reduction on the field (/)(w,w) producing the two independent boson fields X(z,z) and $(z, f) of 
the daughter theory. 

Summarizing, by using the m = 2-reduction technique, we have transformed the boson field (j) com- 
pactified on the ez(7/it-shape space of length 2L with compactification radius into the two independent 
boson fields X and $ compactified on a circle of length L, where Rx — R<p/\/2 is the compactification 
radius of X. Thus the 2-leg XXZ spin-1/2 ladder with general anisotropy parameter A and Mobius 
boundary conditions results described by the twisted sector of our TM. 

Let us focus on the isotropic case, that is a XXX ladder, corresponding to the value A = 1 of the 
anisotropy parameter. The mother theory now is a theory of a free massless boson field (f) with central 
charge c — 1, compactified on a circle with compactification radius R^ — = 2. As a result of the 
2-reduction procedure we obtain a c = 2 theory of two boson fields, Eqs. ([28]) and ((29)) . which describe 
the spin chains of the two legs. Such a daughter theory is an orbifold one, which decomposes into a 
tensor product of two CFTs, a twisted invariant one with c = 3/2, realized by the boson X{z,z) and a 
Ramond Majorana fermion, while the second one has c = 1/2 and is realized in terms of a Neveu-Schwarz 

Majorana fermion. Such a factorization, su(2)2 (8) (Ising), is evident in the modular invariant partition 
function within the torus topology ([93]) (see Appendix A). 

Let us notice that the non abelian bosonization model for the weakly coupled frustrated XXX ladder, 
introduced in Ref. p?Bj , with symmetry (Ising)^ corresponds to only one topological sector of our orbifold 
theory, the untwisted one, which describes PBC imposed at the ends of the two spin-1/2 chains. In closed 
geometries, nevertheless, the appropriate theory has to include all the relevant boundary conditions, as 
MBC ones, and this is done by our TM due to the presence of the extra twisted sector. The different 
boundary conditions correspond to boundary states at the end of the finite ladder, which are codified 
in terms of the different sectors in the modular invariant partition function. The decomposition into 
two topological sectors just outlined gives rise to an essential difference in the low energy spectrum for 
the system under study. Indeed, in the untwisted sector (PBC) only two-spinon excitations are possible 
(i.e. SU (2) integer spin representations) while, in the twisted sector (MBC) the presence of a topological 
defect provides a clear evidence of single-spinon excitations (i.e. SU{2) half-integer spin representations). 
All that takes place in close analogy with fully frustrated Josephson ladders in the extremely quantum 
limit which are expected to map to spin-1/2 zigzag ladders [46) . 

6 Renormalization group analysis 

In this Section we deal with the weakly interacting 2 leg spin-1/2 ladder system in the continuum by 
turning on the four different perturbations ([7|)-([9| and (flTI) . We restrict our analysis to the isotropic case 
A = 1, and study the different renormalization group (RG) trajectories flowing from the UV fixed point, 
described by our TM. 

It is worth recalling that our TM is a Z2-orbifold with central charge c — 2 and that the model 
described by standard bosonization technique coincides just with the untwisted sector of TM. In the next 
two subsections, we extend to the twisted sector of TM the RG analysis done previously in [9], [10] and 
[36] for the perturbations ([7]), ([8]) and ([9]). Moreover, in subsection 6.2, we introduce the new interaction 
([TT]) within its fermionic representation and study the RG flow generated by the combined action of the 
perturbations ([8]) and (|lip . Depending on the perturbing term, we obtain different infrared (IR) fixed 
points corresponding to different physical behaviors. 

The perturbing terms are scalar ones and get expressed in terms of our bosonic daughter fields X{z,z) 
and ^{z, z) and the corresponding dual fields y{z, z) and Q{z, z), which admit the following representation 
by left and right chiral components: 

X{z,z)^~iwx\n^+X{z)+X{z), y{z,z) = X{z)-X{z), (41) 
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and 

<^{z,z) = -2Trwx+v{z) + (p{z), e{z, z) ^ (p{z) - (f{z), (42) 

where wx is the winding operator with eigenvalues mxRx/'^ and nix G In the following a represen- 
tation in terms of four Majorana fermion fields turns out useful, whose holomorphic components (1/2, 0) 
are defined as: 

V'i(z) = sinX (z) , M^) = cosX (z) , M^) = ^j^iz) = (43) 

V ^ \ z 

while the anti-holomorphic ones (0, 1/2) are: 

Mz) = -sinX (z) , Mz) = cosX (z) , M^) = ^ £^!^^ (44) 

vz 

In the present case (A = 1), the TM is a Z2-orbifold with su{2)^ (g) / symmetry, where the Ising factor / 
(which is Z2-antisymmetric) is generatecj^ by tpoiz) (and the corresponding anti-holomorphic component 
'ipo^z)), and the su(2)2 factor is generated by the currents: 

J±(z) = ^3(z)e±'^("), J^z) = idX{z), (45) 

and analogous expressions hold for the anti-holomorphic components. The Lagrangian describing the UV 
fixed point for the XXX ladder is: 

/:o = ^{d^Xd^'X + d^'^d^'^) (46) 
ovr 

while the perturbing terms V depend on the particular system under study: 

C^Co~V. (47) 



6.1 Ladder and 4-Spin perturbations: massive flow 

In the following we deal with the interacting terms -ffRaiiroad, Eqs. ([7|) and ([9]), which we write 

in the continuum limit for the twisted sector of TM, retaining only the relevant terms. 

In the continuum the railroad interactiorF^ gives rise to relevant perturbations (with conformal di- 
mensions (1/2, 1/2)) to the UV fixed point, described by our TM theory with central charge c = 2. Such 
massive terms are given in terms of the boson fields (|4T |) - (|42l) by: 

^Railroad = -TOr(c0sA'(z, z) - C0S$(z, z) -f^ 2cOSe(z, z)), (48) 

where ttir a Jj^, jj^ being the coupling constant of the railroad interaction ([7|). In the Majorana fermion 
representation we get: 

3 

VRaiiroad = -im^^ipi{z)4'i{z) + iim^'ipo{z)TpQ{z) , (49) 

i=l 

^The field ipo{z) has antiperiodic boundary conditions on the plane: 

Me^'^'z) = -Vo(^). 
The fields ^i(z) {i = 1,2,3) have periodic boundary conditions on the plane: 

^"From here on we denote with the Lagrangian density which defines the continuum limit of the lattice interaction 
-ffx, with x=Railroad, Zigzag, 4-Spin, 4-Dimer. 
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where it appears clearly that the ipi (i — 1, 2, 3) fields form an Ising triplet with the same mass mpj (the 
5^(2)2 sector) and the remaining field is an Ising singlet (the / sector) with a larger mass — 3mR [9]. 

Let US now switch on the 4-spin interaction H^spini 

Eq. first introduced in Ref. [T^, whose 
expression in the continuum limit can be found starting from the continuum limit for the dimerization 
operators: 

e+ MiA*2M3CTo, e- ~ o-icr2cr3Mo, (50) 

where e± = ejjp ± eu^i and £up/ Dw a-re the continuum analogues in the fermionic representation of the 
spin- field dimerizations corresponding to the up and down leg respectively, quoted in Eq. (jTU]). Now, 
by using the fusion rules of the Ising model and dropping the most singular term, we can regularize the 
OPE lim^^tu : (e+(w, iD)e+(z, z) — e_ (w, ?Zi)e_ (z, z)) : and write the contimmm limit of the interaction 
-ff4-Spin as: 

3 

14-Spin(^,^) = im^ (51) 

i=0 

Such a relevant mass term (with conformal dimensions (1/2,1/2)) can be rephrased in boson language 
as: 

^-Spin — m^{cosX{z, z) + cos$(z, z)), (52) 
where TTT-g oc t/g, being the couphng constant of the 4-spin interaction 

As we see from Eq. ([CTI) , 

such a case is different from the railroad interaction (|49| in that it gives rise to the same mass contribution 
me for all the Ising fields ipi (* = 0, 1, 2, 3). That allows the triplet or singlet mass to vanish also for finite 
(different from zero) values of the coupling constants J{^, Jg, i.e. far from the UV conformal fixed poinil"1 
c— 2. Then two possible trajectories in the RG flow arise, the first characterized by (mt = Q,ms 7^ 0) 
and the second by (rrit ^ 0,ms = 0), where the mass different form zero increases more and more along 
the flow, while the vanishing one remains unchanged. In such a case the low energy spectrum is well 
described by an effective conformal field theory which is obtained after the decoupling of the massive 
component. We get two possible RG flows: a flow to an IR fixed point with central charge c — 3/2 as a 
result of the Ising / decoupling and a flow to a different IR fixed point with central charge c = 1/2 as a 

result of the su{2)^ decoupling. 

Let us now analyze the behavior of the staggered magnetization operator as well as the dimerization 
one e± along the massive RG flow just discussed. Within the c = 2 theory they can be expressed in terms 
of the boson fields (I4l])-(l42l) as: 



+ y{z,z) 9(z,z) . y{z,z) 9(z,z) . Xiz,z) $(z,z) , 

~ (cos cos , sm cos , sm cos ), (53) 

^2 2 2 2 2 2 

. y(z,z) . e(z,z) y(z,z) . e(z,z) a-(z,z) . $(z,z) ^ 

n ^ sm sm , cos sm , cos sm ), 54 

^2 2 2 2 2 2 

Xiz,z) 9(z,z) . X{z,z) . e(z,z) 

e+ ^ cos cos , e_ ^ sm sm . (55) 

^ 2 2 2 2 ^ ' 

Indeed in the fermionic representation they are written as: 

71+ ^ (cri^2a'30-o,AilCi-20"3Cro,0-iO-2A*30-o), e+ ^ 121^12^0-0, (56) 



n - (/iiO'2M3Aio,CTi/i2/i3Aio,MiM20-3Mo), e- ^ (Tia2a3HQ. (57) 



^^The whole theory sn(2)2 / is not a conformal one because one of its two factors is always massive in each of the two 
possible RG flows: {nit = 0, rris ^ 0) and {mt 0,ms = 0). 
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In the disordered / Ising singlet phase characterized by > (mf — 0) we get: 

(fTo> = 0, (mo> ^ 0. (58) 

As a consequence the fields e_ and n~ can be expressed in terms of the primary fields of the CFT with 
su(2)2 symmetry as: 

n~ (^1(72^^3, criAi2Ai3,AilA^20-3), e- (71(72 (73, (59) 

and the corresponding correlation functions of the relative staggered magnetization and dimerization field 
behave as: 

(r^-(z)n-(0))^(e_(z)e_(0))^|zr^/^ (60) 
Thus, the critical point mf = is an IR fixed point with central charge c = ^. 

Likewise in the disordered su(2)2 Ising triplet phase characterized by mj > (m^ = 0) we get: 

((7,)=0, (/i.)^0 Vze {1,2,3}. (61) 
As a consequence the field e_|_ can be expressed in terms of the following primary field within the / CFT: 

e+ ~ cTo, (62) 
and the corresponding correlation function follows a power law: 

(6+(z)6+(o)) ^ lz^^/^ (63) 

Thus the critical point = belongs to the Ising universality class with central charge c — ^ and 
signals a transition to a spontaneously dimerized phase with (e-|_) 7^ 0. 

6.2 Zigzag and 4-Dimer perturbations: massive flow 

In the following we switch off the perturbing terms -ffLaddcr, ^f4-Spin and deal with the interacting terms 
^ZigZag, i^4-Dimcr, Eqs. ([5]) and (jlip . which we write in the continuum limit for the twisted sector of TM. 
Let us recall that the system of two spin-1/2 chains coupled via a zigzag interaction, with Hamiltonian 
Ho+ i?zigZag, bas been widely investigated in the literature [H] [36] [16] [37] in the weak-coupling regime 
Jo ^ Jf^ via a non abelian bosonization approach[47\ In this limit of two quasi-decoupled chains with 
periodic boundary conditions, the system in the continuum has been described in terms of two level-1 
Wess-Zumino-Witten (WZW) field theories or equivalently in terms of four Majorana fermions coupled 
by some perturbations. As a first step toward the RG analysis of the system in the presence of both 
the interactions ([8]) and (fTTj) . let us start extending the RG analysis of the system with only the zigzag 
interaction in the twisted sector of our TM. In the present case, the implementation of the continuum 
limit has to be brought out carefully, being eventually the zigzag interaction described by a marginal 
operator. The continuum limit of the Hamiltonian Hq of two non-interacting chains leads to the free- 
fermion Lagrangian: 

1 3 

^o = ^E«^(^'^^» + '^«^^0 (64) 

4=0 

where vq = ... = U3 = v ^ Jqq is the velocity of spin excitation in isolated chains, a being the lattice 
spacing, plus a marginal interaction [36] : 

Vu = -\uiOi + 02), (65) 
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where \u ^ U/\t\ > and: 

01 = iJi{z)4,i{z)i;2{z)M^) + + (66) 

02 = Mz)Mz){M^)^i{^) + Mz)M^)+Mz)Mz)). (67) 

within the Majorana fermion representation. The zigzag interaction i?zigZag has instead the following 
form: 

V^zigzag - Az[(Oi - O2) + Y.{T^'\z) + rW(z))], (68) 

2 = 

where Az '^-^ /|^| ^ and > 0. Such an marginal interaction contains a non scalar term given by the 
sum over the energy-momentum tensor of the fermionic fields, whose effect is simply that of renormalizing 
the fields and the velocities: 

(^-^^)^7TT7Xi(^-^^)' * = 0,1,2,3 (69) 
"o->«oi±itt, 1,2,3 . (70) 

After renormalization the whole effect of the perturbing terms VzigZag £ind Vu can be expressed as a 
marginal interaction: 

VzigZag = \\{0i + O2) + AO (Oi - O2), (71) 
where Aj. — 2(1+7^X2) |t i^t^x^ + ^'^^ satisfy the following RG equations [36] : 

The value of the parameters A[/ > and Az > gives rise to A']_ < and small and positive. Thus, 
under the flow ([7^ \\ renormalizes to zero (A'j_ — > 0~) while A" increases being marginally relevant and 
that results in a dynamical length scale ^ ~ e^^^- . A mass scale appears dynamically and provides a non 
vanishing mass for the four fermions: rrii ~ * = 1) 2, 3, mo ~ yoi~^, with mi = TO2 = ma = m > 0, 

Too < —TO. 

In such a picture it is not possible to extract trajectories in the RG flow characterized by a vanishing 
mass in the c=l/2orc = 3/2 sector respectively. In order to obtain such trajectories we need to 
introduce a new perturbing term, the 4-dimer 774_Dimor, defined in Eq. (fTTj) . In the continuum the double 
dimerization operator Xi — ef ™ef^'' can be defined by regularizing the following expression: 

C 

^iz,z) = hm^^^ : {e+{w,w)e+{z, z) - e-{w,w)e-{z, z)) :, (73) 

as done in the previous Subsection, Eq. ()51|) : the net result is: 

3 

k{z,z)=J2Mz)M^) (74) 

1=0 

The continuum limit of the interaction i?4-Dimcr: 

3 

V4-Dimer = A^(Oi + O2) = A^ ^ t(;j{z){(;j{z)ipi{z)-i(;i{z), (75) 

where ^ J^^, is now obtained applying once again the regularization procedure to the OPE lim^^^, : 
{>c{'w,iu)>c{z,z)) :; the whole perturbation turns out to be: 

VTot = VzigZag + 14-Dimcr = A+ (Oi + O2) + A_ (Oi - O2) (76) 
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where A+ = A° + \^ and A_ = A_. Such a general interaction contains two parameters, A+ and A_, 
which can be changed independently by changing the coupling constants {jf,J^). In particular, that 
allows us to define a path in the RG flow characterized by a vanishing singlet mass, i.e. {rrit ^ 0, rus = 0). 
In order to obtain such a path let us rewrite the general perturbation (|76p as: 

Vxot = AiOi +A2O2 (77) 

where Ai = A+ + A_ and A2 = A+ — A_. Notice that a mass nis for the singlet could be provided 
dynamically only by means of the interaction O2, because of the presence of the term 4'o{z)'ipo{z). The 
vanishing of the singlet mass m^. can then be obtained only by requiring the marginality of the operator 
O2 along the RG flow. This selects out the condition A+ = A_ which makes A2 to vanish and which is 
left invariant under the RG equations. Within a self-consistent mean field approximation (see Appendix 
B), it is possible to show that along this RG flow trajectory the singlet mass indeed vanishes while 
the triplet mass rrit is dynamically generated and reads: 

mt ~ ±vtr exp(-l/87rA+), (78) 

where F is a momentum cutoff and vt is the spin triplet velocity. The above analysis shows that, under 
the introduction of the 4-Dimer interaction, we are able to describe an RG trajectory flowing from our 
TM, the c = 2 UV fixed point, toward the Ising /, the c — 1/2 IR fixed point, as a result of the dynamical 

generation only of the triplet mass mt and the consequent decoupling of 5^(2)2. 

It is worth noting that the four interactions above introduced could not produce a massless flow to a 
conformal IR fixed point starting from the UV one with c = 2. To this aim further interactions which 
could compete with the mass generation are needed. Let us mention here that following the same analysis 
developed in [30] we have that in the continuum limit the perturbation: 

V3/2 c^oCTa, (79) 

gives rise to a massless RG flow to the c = 3/2 IR fixed point, su{2)2- The perturbing terms which induce 
in the continuum limit massless flows to the c = 1 and c = 1/2 fixed points can be similarly found and 
their lattice realization is under analysis. 



7 Conclusions and outlooks 

In this paper a complete CFT for antiferromagnetic spin-1/2 2-leg XX Z ladders with general anisotropy 
parameter A and arranged in a closed geometry has been developed. Two kinds of boundary conditions 
on gluing the ends of the two legs have been considered, that is PBC and MBC. The two topologically 
inequivalent configurations which arise for an even and an odd number of sites in the ladder system are 
deeply investigated and the implications of the presence of a topological defect on the spectrum and 
the low-energy excitations are exploited. The net result in the continuum limit is a Z2-orbifold CFT 
with central charge c — 2, obtained through 2-reduction on the single XX Z antiferromagnetic spin-1/2 
chain, whose topological sectors account well for the boundary conditions considered. In particular, in 
the twisted sector a single-spinon excitation to the conformal ground state arises which describes in the 
continuum the topological defect occurring in a closed ladder with MBC. 

The role in determining different massive RG flows of the relevant interactions (i?Raiiroad, ff4-Spin) 
and of the marginal relevant interactions (i?zigZag, ^4-Dimcr) is investigated in the isotropic ladder case 
with A = 1. In the four fermion description of the system, for both couples of interactions, the result is 
the possibility to generate massive RG flows with at will unbalanced fermion triplet (mt) and singlet (m^) 
masses. The fact that, at the conformal point, our TM model is the exact tensor product of the degrees 
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of freedom of the fermion triplet (i.e. the affine su{2)2, c — 3/2) and of the singlet (i.e. the / Ising model, 
c = 1/2 ) implies that along these RG flows the topological structure of TM is preserved. In fact, the 
TM global symmetry su{2) (g) Z2 cannot be broken by different values of the triplet and singlet masses, 

while it can be enhanced to a partial conformal one su(2)2 (81 Z2 or su{2) (g) / along the special RG flows 
with nit = or nis — 0, respectively. This stability allows us to follow the evolution of the single-spinon 
excitation while it acquires mass along a given RG flow. Thus, we can claim that the existence of massive 
single-spinon excitations is a general feature of closed ladders with MBC in the presence of various types 
of interactions. In the strong massive limit then such a single-spinon excitation should coincide with the 
one described in Ref. [20] in the special case of the zigzag interaction. 

Finally, the possibility of getting a whole massless flow starting from the UV fixed point with central 
charge c = 2 is briefly discussed. Further analysis on such an issue as well as the complete RG analysis 
for the anisotropic ladder with A = will be the subject of a forthcoming publication. Another issue 
which deserves deeper investigation is the occurrence of a topological order in such spin ladders of non 
trivial geometry. That could result from the presence of a topological defect, in close analogy with the 
Josephson junction ladders studied in Refs. [27 t l28 l [29| . 
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Appendix A: TM on the torus 



In this Appendix we summarize the primary field content of our TM model on the torus topology for the 
particular case m — 2 and for the compactification radius i?^ = 2 of the mother theory, which describes 

with 

sub-theories is well evidenced on the torus 1 1 



the 2-leg XXX ladder. The decomposition of TM in terms of the Z2-invariant (the affine su{2)^ 



c = |) and Z2-twisted (the Ising model with c—^ ) sub-theories is well evidenced on the torus [1 by the 
corresponding decomposition of the characters. In order to make it explicit let us start introducing the 
characters of these two RCFT. We denote with Xo ('''), Xi Xi (''') the characters of the chiral primary 
fields /, Tp and a in the Ising model |48j with Neveu-Schwartz (Z2-twisted) boundary conditions Ij, while 



Xo H-r) 
Xi {w\t) 
X2 



= Xo{t)Ko{w\t) + x^{t)K2{w\t) , 
= X^Sr){K,{w\T)+K^{w\T)), 
= X^{t)Kq(w\t) + xo{t)K2{w\t) 



(80) 
(81) 
(82) 



represent the characters of the three extended chiral primary fields in the afhne Z2-invariant su{2)r^. The 

characters Xo^i^'^ contain only integer spin (i.e. two-spinon excitations) while Xi"^^^^ describes half- 
integer spin (i.e. single-spinon excitations). The above character formulae express the decomposition of 

5^(2)2 in terms of the c—\ RCFT ^(1)4 (generated by the compactified boson X with R\ = 1) and in 
terms of the Ising model with Ramond boundary conditions. In particular, the Ki{w\t) defined by [I]: 



Ki{w\t) 



e 



(2w|4t), with / = 0,1,2,3, 



(83) 
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are the characters corresponding to the four extended chiral primary fields of the RCFT ^(1)4 while we 
denote with Xii''') those of the Ising model with Ramond boundary conditions. 

We can write now the characters of TM, splitting them in the four sectors of the Z2-orbifold. We 
have two extended chiral primaries in the A — P sector with characters given by: 

xU^\r) = U(r)(^xf^^^w\r)+xf^^Hw\r)y (84) 

Xt{w\r) = [xoir)+Xiir))xf^^'Hr), (85) 
and two extended chiral primaries in the A — A sector whose characters read: 

XoHr) = XJ,(r)(xf^^(«^|r)-xf^^(HT)), (86) 

XiHr) = (xo-Xi)(r)xr^^(^|r). (87) 
In the P — A sector there are two extended chiral primaries with the following characters: 

Xo {w\t) = Xo(T)xr®^ Ht) - Xi (T)xr^^ {w\r), (88) 
Xr(HT)=Xo(r)xf^^(«^|r)-Xi(r)xf^^(Hr), (89) 
while for the P — P sector we have three extended chiral primaries with characters given by: 

xtHr)^Ur)xf^^%Mr)+Xi{r)x?^^Hw\T), (90) 

X;iw\r)^Ur)x?^^'Hr)+Xi{r)xf^^Hw\r), (91) 

X+(«^|r)=X^(r)xf^^(«^|r); (92) 

note that the above factorization expresses the parity selection rule (m-ality). It is interesting to point 
out that in the P — P sector, unlike for the other sectors, modular invariance constraint requires the 
presence of three different characters. The isospin operator content of the character x+(?i;|T) clearly 
evidences its peculiarity with respect to the other states of the periodic case. Indeed it is characterized 
by two twist fields (A = 1/16) in the isospin components. The occurrence of the double twist in such a 
state is simply due to periodicity. Indeed, being an isospin twist field the representation in the continuum 
limit of a single-spinon excitation, the double twist corresponds to a two-spinon excitation, typical of the 
periodic configuration. 

Finally, it is possible to show (see [1]) that the diagonal partition function of the TM on the torus 



has the following factorized form: 

Z{w\t) = Z^^Hw\t)Zj{t), (93) 

in terms of the su{2)2 partition function Z'*"^^)^ (c = 3/2) and of the Ising partition function Zj (c = 1/2). 
They have, in turn, the following expression: 

Z^)^{w\r) = \xf^'^Hr)\' + \xf^'^Hr)\' + \x?^'Hw\T)\\ (94) 
Zjir) = \xo{r)\' + \x^ir)\' + \xJ,{T)f. (95) 
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Appendix B: mass analysis within the self-consistent mean field 
approximation 



In this Appendix we carry out an analysis in a self-consistent mean field approximation for the masses 
mt and nis. Our situation is more complex than the one quoted in Ref. [36] because we deal with the 
case where either or A_ could be marginally relevant and provide a dynamical contribution to the 
singlet and triplet masses. So we need to keep track of a new feature: the spin singlet and triplet arc in 
the presence of different interactions. Then we may write: 

ipo{z)tpo{z) ^ iSs + ijQ(z)tpo{z), ^j{z)4)j{z) iet + ipj{z)-ipj{z), j = 1,2,3, (96) 

where Eg and Et can be a priori different. By substituting the expressions (|96p in the general perturbing 
term Vxot, Eq. ([77]) . and neglecting terms quartic in the fields ip, we get: 

3 

Vxot = i'^mtipi{z)4)i{z) + imstpo{z)-ipQ{z) (97) 
1=1 

where: 

uit = 27r(2ef Ai + e^Aa), nis = &TTEtM- (98) 

Et and Es may be determined self-consistently by using the expressions for the correlation functions of 
massive fermion fields; we get: 

(fk e-* '^ f (Pk "-^^■'^ 

2 ' ^* ~ / 

TT k + ml J TT k^ + 



with mt and replaced by the expressions given in Eqs. (|98p . 

Along the special RG trajectory characterized by the condition A2 ~ 0, the mass ms vanishes and the 
above system of equations reduces to the single equation in the triplet mass mt: 

J2i, ikx 



mt f d k 

mt 



, , mt (100) 

47rAi J TT k^ + m,^ 



whose non-zero solution is given by (|78 
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